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The Discrete Gaussian (dgauss) model

» Ay = 2 dimensional discrete torus of side length LV,
distinguished point 0.

> Qn = {0 € (27Z)™ : og = 0}.
> Hamiltonian HR%(0) = 132, ca (0x — 0y)? and

PRS (o)) = exo = 5HES(0)) / 2R,

where

1 HDG
AN,ﬂ = Z e

UEQN

» Also called Z-Ferromagnet or Integer-Valued GFF.



The Discrete Gaussian (dgauss) model
» Hamiltonian HR¢(0) = %wayeAN(ax —0y)? and

PRS (7)) = e~ 5HRS(0)) / 2R

» The dgauss with spread-out interaction with range p > 1 :

1
M) = e 2 ()




The Discrete Gaussian (dgauss) model
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Since B~1HR(0)




Z\l
\\\\\\ b=
T
o) R R
o ______ b=
s S
\\\\\\ b=
2 N SR
> [P
T
00 Bt e
®)
G
o
w0 N
v @00 ------}---- ° -
A
< - e —— — —
o PR R
s L
\\\\\\ | - e —
(e RPN
e
\\\\\\ b=

» (2D) XY model, Villain model, Coulomb gas, Sine-Gordon
model

Kosterlitz-Thouless phase transition



Two phases of dgauss model

Comparison of the Gibbs states

Investigation of the case of the 0-Dirichlet boundary condition :

» Localisation phase

bounded variance + strong clustering [BW'82]

translation invariant Gibbs measure with slope 0

=



Two phases of dgauss model

Comparison of the Gibbs states

Investigation of the case of the 0-Dirichlet boundary condition :

» Delocalisation phase

unbounded variance

+ non-existence of transl. inv. Gibbs measure with slope 0 [S'06]

has to consider gradient Gibbs states

=



Two phases of dgauss model
Localisation phase, f <« 1

> Peierls’ argument Vary,, g(ox) < C.
» [Brandenberger-Wayne(1982)| Strong clustering property.
» [Lubetzky-Martinelli-Sly(2014)] Extremal process.

T T T T T
1 1 1 1 1
— ===l = =k =+ —

P(UO > 1) < Zn24 Z'y:\'y\:n ]P)(’Y)

—0as 3 —0.




Two phases of dgauss model
Localisation phase, f <« 1

> Peierls’ argument Vary,, g(ox) < C.
» [Brandenberger-Wayne(1982)| Strong clustering property.
» [Lubetzky-Martinelli-Sly(2014)] Extremal process.
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Plog > 1) < 3,544 7

< Ce P 'aspB—0.




Two phases of dgauss model

Localisation phase, f <« 1

> Peierls’ argument Vary,, g(ox) < C.

» [Brandenberger-Wayne(1982)| Strong clustering property.
» [Lubetzky-Martinelli-Sly(2014)] Extremal process.
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= Var(op) < Ce P’



Two phases of dgauss model

Delocalisation phase, 7> 1
f:An — Rsuch that 3 .\ f(x) =0,
» [Frohlich-Park(1977)]

ERS [ (f, a)] < EGFF [ (f, a)] _ eg(f,(—A)—lf)

» [Frohlich-Spencer(1981)] There is €1(8) = o(1) (as 8 — o0)
such that,

B(1+e1(8) _
SRR (A(-A) )

e = BR s ra(ay [€77] < ERGs[e")].

» [Garban-Sepulveda(2021)] With 0-Dirichlet boundary, if f has
bounded support,

VarRS [(F,0)] < (1 - 2ﬁe—§+°(ﬁ>) VargFE[(F, )],



Two phases of dgauss model

Delocalisation phase, 8> 1

» [Sheffield(2006)| Uniqueness of gradient Gibbs state.

» [Lammers(2021)] Existence of delocalisation phase for planar
graphs of degree < 3.

» [Aizenman-Harel-Peled-Shapiro(2021)] Existence of
delocalisation phase for doubly periodic graphs.

» [Lammers-Ott(2021)] Discussion on dichotomy of the phases.



Delocalisation phase of dgauss model

Theorem 1 [II, B.-P.-R., 2022]
"Scaling limit of dgauss is a Gaussian free field on R?"

Let 3 > 0 fixed large, f € C2°(R?) be such that [, f =0, and for
each € > 0, let f(x) be the discretisation of e 1f(ex) on Z2. Then

B(1+5s°(8)
2

lim IogEngB[e(ﬂ’U)#] = (f’(_ARz)—lf)Rz
e—0 ’

where sP¢(3) = O(e=<?), ¢ > 0.




Delocalisation phase of dgauss model

Theorem 2 [I, B.-P.-R., 2022]

"Scaling limit of dgauss is a Gaussian free field on T?"

For 3 > 0 sufficiently large, f € C°°(T?) be such that [, f =0,
and for each N > 0, fy(x) be the discretisation of f on Ay. Then

B(L+sP¢(B)) !
2

I|m IogIE,\G [e(fwodn2] = (f, (—Ap2) 1)

with the same sP¢(3) = O(e=°?) as in Theorem 1.




Delocalisation phase of dgauss model

Recall : the spread-out interaction

1
Hy (o) = 2((2p +1)2—1) lx_;<p(o-x —0y)°

Theorem 3 [I, B.-P.-R., 2022]

Let B > 0 sufficiently large, f € C°°(T?) be such that [, f =0,
and for each N > 0, fy(x) be the discretisation of f on Ay. Then

DG -1
. DG,pr . (fn,0) _ /8(1 +S (/va)) o -1
Jim JogBR551e 21 = P e ()

with sP¢(3, p) = O(e=P).




Open questions

Critical phenomena
1. GFF as a scaling limit : when 5 = 3,

B(L+sP¢(8) !
2

lim log E255[e7)] — (F,(=8) )

. within reach for spread-out interaction models.
2. The behaviour of sP€ as 3 | ..

3. Decay of the correlation function when 3 1 ..




Open questions

Observables
1. Two-point function.

2. Convergence of discrete observables to an SLE.

Related models

1. Villain model

» Two-point observables translate into line observables.
» Non-trivial co-homology of torus is an obstacle.

2. Non-quadratic potentials (SOS model, dual of XY model) :

Py () o €7 Loy V(ox—0y),




Delocalisation phase of dgauss model

Theorem 2 [I, B.-P.-R., 2022]

"Scaling limit of dgauss is a Gaussian free field on T?"
Let 3 > 0 sufficiently large, f € C°°(T?) be such that [, f =0,
and for each N > 0, fy(x) be the discretisation of f on Ay. Then

B(L+5s°(8)

L (F (~A) )

: DG (fn,0) _
Jim_logEp,; s[e™ 2] =

with the same sP¢(3) = O(e=<%) as in Theorem 1.




The lattice sine-Gordon model

‘activity' z (< 1)

0},

{p € RM - ¢(0) =

SG _
N =

Q

Defn :

COS(An,5Y/29)
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The lattice sine-Gordon model
SG

A formal correspondence SG — DG
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The lattice sine-Gordon model
A formal correspondence DG — SG

786 = Y e e

O'EQNﬂ

:/QSG do [[ 32 da(@(x))e 249

x€An ne2rZ/\/B

( Z dn(p) = + Zcos(qﬂl/zqﬁ) = gzeos(8Y? ?) 1 (higher q)>
ne2nZ/\/B

= + ( higher g terms )




The lattice sine-Gordon model

A formal correspondence DG — SG

= [ TL 3 antopaeiere

x€AN ne2rnZ//B

<E [T X auet)]s ¢ ~N(O.(-8))

xENN ne2rwZ/\/B

» Covariance decomposition : 3y > 0 such that

C(y):=(-A)"t—~id >0
= d=9+ 7Y, (pY)~N(,CH)@®id).

Then

E?[F(6)] = E’EV[F (o + 7 Y)]



The lattice sine-Gordon model

A formal correspondence DG — SG

RGBT 30 a0, o~ N(O,(-2)7)

x€AN ne2rZ//B
(=0 +7Y, (¢ Y)~N(0,C(H)&id))

=EE [ [T > anelx) + Y ()

x€NN ne27Z/\/B

(Y(x) are independent )

= E¥ H EY(X)[ Z In((x) + ﬁY(x))] < 1 dim’l integral

x€AN ne2rZ/\/B

(%, Y(x)) ~N(0,C(7) @ 1)



The lattice sine-Gordon model

A formal correspondence DG — SG

» 1 dimensional integral formula

ZRG B T EY[ D0 dalelx)+vAY)

xENN n€2rnZ/\/B
(¢, Y) ~N(0, C(v) & 1).



The lattice sine-Gordon model

A formal correspondence DG — SG

» 1 dimensional integral formula

ZRG B T EY[ D0 dalelx)+vAY)

xENN n€2rnZ/\/B
(¢, Y) ~N(0, C(v) & 1).

> Lemma 2.2. If F(y) :=EY[Y oz /5 0n(y +v7Y)],

Y € N(0,1), then

F(y) = c(v, ﬁ)(l +3 205 COS(q51/2y))-

q=1



The lattice sine-Gordon model
Proposition (DG — SG)

ZRS B[ T] Fle(x))|, ¢ ~N(0,(-8) " = 7id)

xENy

where F(y) = (7, 8)(1 + 5%, 26~ 2 9 cos(qBY/2y)).

In other words, with z = O(e=%¥),

N,B O(/ dcpe 2(<p ((=A)~1—vyid)~1¢) zCOS(/\N,cp)—f—(higherqterms)‘

"gradient mteractlon "sine-Gordon potential"




The lattice sine-Gordon model

—HRS °5(#)+("higher g terms")n
ZN,B X /Q,SVG doe

Remaining of the slides :

(1) Why don’t "higher g's" matter? Dual picture, the Coulomb
gas.

(2) Renormalisation group method on sine-Gordon.

(3) Why don't "higher g's" matter? Renormalisation group
picture, coming back to the Discrete Gaussian model.






The lattice sine-Gordon model

7DG do efH,S\,?ﬂ(¢)+("higher q terms") 1y

exp (fI:ISG)

(1) Why don’t "higher ¢'s" matter? Dual picture, the
Coulomb gas.

(2) Renormalisation group method on sine-Gordon.

(3) Why don't "higher g's" matter? Renormalisation group
picture, coming back to the Discrete Gaussian model.



The lattice sine-Gordon model
Why don't "higher g's" matter?
(1) Dual picture, the Coulomb gas.
» A generalised sine-Gordon model has
— 1
(o) = Z;(aﬁx )= 3 g (142 > cos(q"/26(x)) ).
X~ xely q=

Then with z; = z_g,

> ~1(6.-29) i95/29(x)
s = /QSNG dge™= [1 > ze”

XE/\N qEZ

Y iB/2(g,
=Y T2 / _ dge HB B0

quAN X Q

= le a(x)=02q & ~5(a.(-2)"1q) (< g : charge configuration)
x ——

Coulomb interaction



The lattice sine-Gordon model

Why don’t "higher g's" matter?

(1) Dual picture, the Coulomb gas.

‘activity’
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The lattice sine-Gordon model

7DG do efH,S\,?ﬂ(¢)+("higher q terms") 1y

exp (fI:ISG)

(1) Why don't "higher ¢'s" matter? Dual picture, the Coulomb
gas.

(2) Renormalisation group method on sine-Gordon.

(3) Why don't "higher g's" matter? Renormalisation group
picture, coming back to the Discrete Gaussian model.



Scaling limit of sine-Gordon

PRe 5(¢ € A) o /A dpe ans®)

HRS 4(6) = 5(6, ~0) + 2 COS(Aw, 26).



Scaling limit of sine-Gordon

PSS (6 € A) / dpe Hua(®),
A

HRS 4(6) = 5(6, ~0) + 2 COS(Aw, 26).

Theorem 4
"Scaling limit of (non-general) sine-Gordon is GFF on T2"

Let 3 > 0 sufficiently large and |z| small, f € C>°(T?) be such that
f,ﬂ.z f =0, and for each N > 0, fy(x) be the discretisation of f on
An. Then

SG Z))1
ﬁ(1+s 2(ﬁa )) (f,(—ATz)flf)Tz

GFF with covariance 3(1+s5¢)(—A)~1

lim log ESCG [e(fv:d)r2] —
Ninoo og AN,,B[e ]

for some s°¢(3, z) = O(|z]).




Theorem 4

Let 3 > 0 sufficiently large and |z| small, f € C>°(T?) be such that
f,ﬂ.z f =0, and for each N > 0, fy(x) be the discretisation of f on
An. Then

SG Z))1
ﬁ(1+s 2(ﬁa )) (f,(—ATz)flf)Tz

GFF with covariance 3(1+s5¢)(—A)~1

: SG 1 (fud)p2] —
A}inoong/\N,ﬂ[e W] =

for some s°¢(3, z) = O(|z|).




Theorem 4

Let 3 > 0 sufficiently large and |z| small, f € C>°(T?) be such that
f,ﬂ.z f =0, and for each N > 0, fy(x) be the discretisation of f on
An. Then

SG Z))1
ﬁ(1+s 2(ﬁa )) (f,(—ATz)flf)Tz

GFF with covariance 3(1+s5¢)(—A)~1

lim log ESG _[e(fv:¢)r2] —
g Av.ale ]

for some s°¢(3, z) = O(|z|).

> Expecting this :

)

(PN, o / dpe 36BN TVB ) +2 e, cos(526(02)
ss

_ / dp e 5 (6B +VB(0) (e%asﬁmwzzxwcos(ﬂl/%(x)))
ss

mgf of Gaussian



RG on sine-Gordon

Preliminary steps 1

» Stiffness renormalisation

DGV HVE(F.0) o5 (6.~ B0)+2 e, coS(820(x))

<e(f’¢)>o</ dgf)e_pr
Q36

(rescaling @ = /148560, 8" = /(1 +s°C), s =s°C/(1 +5°%))

~ / dipe— 3BV (F10) 0B (.~ D) +2 COSo(An.(8)H/2¢)
QSG ~

Zo(¢p)

(denoted COS;(Aw, (8)/2p) = L™5' Y _n . cos((8')?0())).




RG on sine-Gordon

Preliminary steps 2

» Moment generating function : let >, f(x) =0 (so
f €lm(=A))

(NG o [

dpe 3 (P B HVE(F0) 7))
Q3°

(Completion of square, g = 87 Y/2(—A)71f)

= F AN [ a3 (pmaae-8) 7 (,)
Qse

x &7 CEATNEY Z0(p + g)]

where ¢ ~ N(0,(—A)™1), B/ = /(1 +s°°).



Theorem 4

Let 3 > 0 sufficiently large, f € C°°(T?) be such that [, f =0,
and for each N > 0, fy(x) be the discretisation of f on Ay. Then

SG -1
B(1+S2 (B)) (fa(_ATz)ilf)Tz

GFF with covariance 8(1+s%6)(—A)~1

lim log . (v @) 2] —
Jim log En,,5[e™ %]

for some s°¢ = O(z]).

> Have : (elf:®)), 5 e%(f’(_A)_lf)Ew[Zo(QD +g)|

Goal

E?[Zo(p + &)

1 as N— oo (ie. Ay— Z2).
E*[Zo(7) (e Av—27)




RG on sine-Gordon

Goal
Controlling E?[Zs(p +g)] as N — oo

S
Zo(p) = 1+ 5 VelR, +2COSo(An. (5)/%¢) + [Anlo(s0. 2)

S0 S0
E°[Zo(p + )] = 1+ S Al + 5 [Vela,

+ ze~ 7 (B0 12N COS (A, (5)H2g)
+ |/\N| O(So,Z)
——

not small enough



RG on sine-Gordon

scale 0 (Ay = LN x LV)

L
| | [« ——

ES

— s P8 —

p2 3

Pa—

_('01

(1) Field decomposition : ¢ = ¢’ + (1, (1 consisting of

fluctuations of ¢ in length scale < L.
(2) Reblocking.

scale 1
L2
—
! / / /
¥ D13 ¥ Dia ¥ D15 Fie
Bs B,
. ’ / /
+ Do ¥ D1o ¥ D11 P12
—BE s
B B>
PDs LD

-




RG on sine-Gordon

scale j+1
12
—
/ ’ / /
¥ D13 ¥ D14 ¥ D15 Fie
B3 B,
N / / /
Do ¥ D1o ¥ D11 ¥ 12
o) / o /
¥D7 ¥PDg
B B>
/ / / / M
— ¥ ®2 ®3 PDs P Da

{ "

(1) Field decomposition : ¢’ = ¢"” + (j11, (j+1 consisting of

fluctuations of ¢’ in length scale < [JT1,
(2) Reblocking.

F




RG on sine-Gordon

Field / Covariance decomposition of GFF

» Want : ¢ = Zszl ¢j where

ZFJ’ (Ghsjen ~N(O, @ T))

s.t. rj(x,y) =0 VY|x—ylo > L.

called a finite range decomposition.

> A good guess :
1 ik-(y—x N —
(—2) " (x,y) = Al > N UTI—A) (k)
ke

1 v A
= Tj(x,y) = Al > R U A R )
KENT,



RG on sine-Gordon

Field / Covariance decomposition of GFF
> A good guess : with —A(k) ~ |k|?,

Fi(x,y) ~ V\lN‘ > R U A) T ) e -
ke,
1. When |x — y|oo < 71
1500, %) = T5(0,9)| < Clx = yls| Vljloo S L7
2. For |x|oo > LY :
1;(0,x)[ ~0

3. Inlimit N — oo :

1
rj(0,0) ~ > logL = (fluctuations are distributed well)



RG on sine-Gordon

scale 0 (Ay = LN x LV)

L
| | [« ——

ES

— s P8 —

p2 3

Pa—

_('01

(1) Field decomposition : ¢ = ¢’ + (1, (1 consisting of

fluctuations of ¢ in length scale < L.
(2) Reblocking.

scale 1
L2
—
! / / /
¥ D13 ¥ Dia ¥ D15 Fie
Bs B,
. ’ / /
+ Do ¥ D1o ¥ D11 P12
—BE s
B B>
PDs LD

-




RG on sine-Gordon

Action of E* on Zy(p1 + (1)

S
Zo(p1 + 1) = 1+ 5[V + 2 COSo(A. (5)/20) + [Awlo(s0. 2)

» On gradient term :
E V(o1 + G)[Ay = OE1lAN| + [Ver[R,,
» On cosine term :
E COSo(Aw, (8)%(#1 + G1))
= 1231100 COS, (Ay, (5)/21)
~ 1274 COSy(Aw, ()%¢1)  (12(0,0) ~ ,log L)



RG on sine-Gordon

Summary

» Field / Covariance decomposition o= ZJN:1 (¢j where
Z (Gsizn ~ N (O, €D 1)
1<j<N
» Upon each E4+1,

log Z1 (1) = log B [Zo(1 + C1)]
S
= E[An| + Elywly? + 21 COS1(An, (8)2¢1) + (error)

log Zj11(j41) = log B9 [Z;(pj11 + Gj11))]
S
= Epalw| + 5 Vijial® + 201 COSja(Aw, (8)p141)
+ (error)



RG on sine-Gordon

On the error

ZJ((p) < e%|v<ﬂ|2+zj COS;(An,(8')/%¢) (]_ 4 (error))

> Ideally,

1+ (error) =" H (1+ Kj(B,¢))".

Béescale j block

But this form is not stable under ES+1.



RG on sine-Gordon

On the error

Zi(y) o e3IVelP+z con(/\N,(B’)l/st)(l + (error))

» Ideally,

1+ (error) =" H (1+ Kj(B,¢))".
Béescale j block

But this form is not stable under ES+1,
» Error is parametrised by K;,

polymer activities

(error) = Z e 3 (Vo.Ve)k—2 COS;(X,(8)/2¢) Ki(X, )
X Cscale j block



RG on sine-Gordon

Theorem
If log Z,(12) = $IVl? + 2 COS;(Aw. (3)}/2) + F(K;), then

g
41 =5+ e(K)), 1= 2Lz,
Ki+1 = L70(K)) + o(sj, 2}, K;)

with initial conditions sp, zg = z.
» If 3/ > 8m, 3 50 such that
(512 K)) 2 (0.0.0) & E’Zo(p+8)] ~ "

SG

Since So = ]_—Si-ﬁ'

SG 50
1-— 50'




RG on sine-Gordon

Theorem 4 (scaling limit of sine-Gordon)

Let B > 0 sufficiently large and |z| small, f € C>°(T?) be such that
Jp2 £ =0, and for each N > 0, fy(x) be the discretisation of f on
/\N- Then

SG -1
/3(1+52 (/3)) (f,(—ATz)_lf)Tz

GFF with covariance 3(1+s5¢)(—A)~1

lim logE (fv.)r2] —
im_ 108 En, sle ]

for some s°¢ = O(|z|).




RG on sine-Gordon

Theorem
If log Zi(¢) = 3|Vel* + 2 COS;(An, (8')/%¢) + F(K;), then

/

— ~ (2] Gz
st = 5j+ €(Kj),  zi = LTl ez



RG on sine-Gordon

Theorem
If log Zi(¢) = 3|Vel* + 2 COS;(An, (8')/%¢) + F(K;), then

/

2, _B
st = 5j+ €(Kj),  zi = LTl ez
Theorem [Falco, 2012]
Using second order analysis,
1= —a tel, zig~ 2L (g — bisiz 4 €d)
Sj+1 =35 — 4% T &, Zit1 = Zj — Djsjzj T € )

i.e., satisfies the Kosterlitz-Thouless flow equation.



RG on sine-Gordon

Theorem 1.1

-

1

1

1

1

1

1
1

(87v3 =) Brree() Betr(Bo(J)) Beft = Pep(B)



Connecting sine-Gordon — dgauss

Theorem 2 [I, B.-P.-R., 2022]

"Scaling limit of dgauss is a Gaussian free field on T?"

Let 3 > 0 sufficiently large, f € C>°(T?) be such that Jr2f =0,
and for each N > 0, fy(x) be the discretisation of f on Ay. Then

B(L+sP¢(B)) !
2

I|m IogIE,\G [e(fwodn2] = (f, (—Ap2) 1)

with the same sP¢(3) = O(e=°?) as in Theorem 1.




The lattice sine-Gordon model

ZDG L dqse—H,%ﬁB(qﬁ)—&-("higher q terms") 11
05T s

(1) Why don't "higher g's" matter? Dual picture, the Coulomb
gas.

(2) Renormalisation group method on sine-Gordon.

(3) Why don’t "higher ¢'s" matter? Renormalisation group
picture, coming back to the Discrete Gaussian model.



Connecting sine-Gordon — dgauss
Why don’t "higher g's" matter?
(2) Renormalisation group perspective.
» Recall on cosine term, 3 > 87 :
E COSo(Aw, (8)2(#1 + G1))
274 COSy(Aw, (8)21)  (12(0,0) ~ 5 log L)

/
2B
= Zip = L 4x z;



Connecting sine-Gordon — dgauss
Why don’t "higher g's" matter?

(2) Renormalisation group perspective.

» Recall on cosine term, 3 > 87 :

ES COSo(Aw, (8')2(1 + (1))
~ 124 COS1(Aw, (8)/%01)  (1(0,0) =~ % log L)

/
2B
= Zip = L 4x z;

» Similarly for g > 2 :

ES* COSo(An, q(8') (1 + 1))
~ [ COSi(An, q(8)/%p1) < irrelevant!

and decays exponentially faster than COS(Ay, (8')Y2%¢).



Connecting sine-Gordon — dgauss

Theorem 2 [I, B.-P.-R., 2022]

"Scaling limit of dgauss is a Gaussian free field on T?"

Let 3 > 0 sufficiently large, f € C>°(T?) be such that Jr2f =0,
and for each N > 0, fy(x) be the discretisation of f on Ay. Then

B(L+sP¢(B)) !
2

I|m IogIE,\G [e(fwodn2] = (f, (—Ap2) 1)

with the same sP¢(3) = O(e=°?) as in Theorem 1.
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